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Assuming a model based on permanent dipole-dipole, dispersion, induction and repulsion forces, the
potential energy of a molecule in a nematic liquid crystal is derived as a function of its orientation.
Analysis of the temperature variation of the degree of orientational order in p-azoxyanisole (PAA) and
p-azoxyphenetole (PAP) indicates that the permanent dipole interactions are relatively unimportant.
Making use of a mean field approximation, a statistical theory of long-range orientational order is
developed and the thermodynamic properties of the ordered system are derived relative to those of
the completely disordered one. Application of the theory to PAA and PAP shows conclusively that a
certain degree of short-range orientational order is present in the liquid phase. Using just three param-
eters for each compound, viz. the two constants of the potential function and a numerical factor to
allow for short range order, the following physical properties have been evaluated which are in quan-
titative agreement with the experimental data: the long-range orientational order parameter, specific
heat and compressibility as functions of temperature in the liquid crystalline range, the latent heat and
volume change at the nematic-isotropic transition point. The magnetic birefringence of the liquid phase
affords an independent estimate of the short range order which supports the previous calculations.
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Introduction

The properties of nematic liquid crystals indicate a
high degree of orientational order of the molecules but
no translational order. The degree of orientational
order is conveniently defined by the parameter

s=1(3 cos20—1),

where 6 is the angle which the long axis of the mol-
ecule makes with the uniaxial direction of the liquid
crystal (Zwetkoff, 1942). The limits of s are 1 for the
perfectly ordered crystalline arrangement and O for the
completely disordered isotropic liquid. Experiments re-
veal that s in the liquid-crystalline phase has an inter-
mediate value which decreases gradually with rise of
temperature. At the nematic-isotropic point, a first-
order transition takes place and s drops catastroph-
ically to 0. Other properties associated with orienta-
tional order, such as the specific heat and compress-
ibility, exhibit anomalies in the neighbourhood of the
transition.

The part played by permanent electric dipoles in
determining liquid crystalline behaviour has been the
subject of many investigations. Indeed, the first
attempt to give a theory of the optical anisotropy of
the liquid crystalline phase was based on permanent
dipolar interactions (Born, 1916; Born & Stumpf,
1916). However, the theory predicts that the transition
from the isotropic to the liquid-crystalline phase takes
place at the critical temperature corresponding to the
polarization catastrophe, which, as is well known from
the work of Onsager (1936), is not expected to occur.
The early experiments to detect free charges on the
surface of the liquid crystal, carried out with a view to
testing Born’s dipole theory, yielded negative results
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(Szivessy, 1925, 1926) but the existence of the hys-
teresis loop and of polarized domains has been re-
ported recently (Williams, 1963; Elliot & Gibson,
1965; Kapustin & Vistin, 1965; Heilmeier, 1966). In
the light of these observations we attempted a semi-
empirical theory of the birefringence of nematic liquid
crystals assuming that the interactions are predom-
inantly dipolar (Chandrasekhar & Krishnamurti,
1966). The complete theory, taking into account all
types of interactions, which we shall discuss in this
paper, proves that this assumption is not valid. More-
over, chemical evidence seems to be quite conclusive
that dipoles do not contribute much to the orienta-
tional potential energy. In particular, the extensive
studies of Gray (1962, 1967) on mesomorphic behav-
iour and chemical constitution have shown that sub-
stituents of widely varying polarities produce only
minor changes in the thermodynamic properties of this
phase.

Maier & Saupe (1958, 1959, 1960) and Saupe &
Maier (1961) developed a statistical theory of orienta-
tional order assuming an intermolecular potential
function based on dispersion forces, which leads to a
universal curve for s as a function of TV?/T,V'2, where
T, V are the temperature and molar volume in the
nematic phase, T¢, V. the corresponding values at the
nematic—isotropic transition point. Although the pre-
dicted variation agrees with the experimental data for
some compounds, significant deviations from the
common curve have been observed in many cases and
it is clear that the theory in its present form cannot be
expected to give a satisfactory quantitative description
of the nematic state (Saupe, 1968; see also Chen,
James & Luckhurst, 1969 ; Chandrasekhar & Madhu-
sudana, 1969).
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In this paper we develop a theory of nematic liquid
crystals taking into account permanent dipole-dipole,
dispersion, induction and repulsion forces. The theory
reduces to that of Maier & Saupe when the potential
function is limited to the principal term of the disper-
sion energy. Some results of the theory have been pub-
lished earlier (Chandrasekhar, Krishnamurti & Ma-
dhusudana, 1969; Chandrasekhar & Madhusudana,
1970) but we give here a more detailed and rigorous
treatment, and also discuss its application to two
typical nematic compounds, viz. p-azoxyanisole and
p-azoxyphenetole.

The orientational potential energy of the molecule

Recent X-ray studies (Chistyakov & Chaikovskii,
1968; Kosterin & Chistyakov, 1968) have established
that the (positional) molecular distribution function in
nematic liquid crystals is cylindrically symmetric. If
arij, Brij, Yriy are the direction cosines of the intermol-
ecular vector r;; with respect to a space fixed coordinate
system XYZ, Z being the uniaxial direction of the
medium, we may write

oy + By + 7y =1

a2y =B # ¥y or afy =By =31-7%)
SeiBris = BrVrii = Vet = 0

oy =Bl #

2 2 2 — 2 a2
ari}ﬁri} # ﬁri}ygll = Vriy%rij > elc.

(M

Permanent dipole-dipole interactions

We shall assume that the dipole moment of the mol-
ecule is directed along its long axis. This assumption
is justifiable since nuclear magnetic resonance (Lipp-
mann, 1957; see also Maier & Saupe, 1959) indicates
that the molecule rotates about its long axis, so that
only the component of the dipole moment along this
axis is effective.

The interaction energy between two identical dipoles
of moment p is given by

2
u
Uge= 3 (e;.e,—3e;,.e,€.¢e,),
ij
where e;, e; and eri; are the unit vectors of the dipoles
and r;; respectively. Therefore

2
Ugo= rﬁ3 [(ocj0t+ BB+ 770 — 3(%iteiy+ BiBriy+ 7i¥ray)
i
% (0 0py+ BilBriy +7Vr))] 5

where a;fiyi, aify; and oyiPrisyry; are the direction
cosines of e;, €; and er; respectively. Averaging over
rij, transforming to polar coordinates, i.e. a=sin @
cos ¢, f=sin 0 sin ¢ and y=cos 6, and averaging over
¢, the average potential energy per dipole pair making
angles 0, 6; is

MOLECULAR STATISTICAL THEORY OF NEMATIC LIQUID CRYSTALS

. w o=
Ugie=— st(3y%— 1) cos 8,cos 8, ,

k
=— 7‘ cos 6, cos 6, (say) . )
Since the medium as a whole possesses uniaxial symme-
try, the same expression is obviously valid even if the
dipole moment is inclined to the long axis of the mol-
ecule.

For a spherically symmetric molecular distribution
function (3y%;,—1)=0 and U vanishes, but if polar-
ized domains exist, this cannot be the case.

Dispersion forces

Van der Merwe (1966a) has recently used an oscil-
lator model to derive the expression for the dipole-
dipole contribution to the dispersion energy between
a pair of anisotropic molecules possessing cylindrical
symmetry. Each molecule is associated with three
mutually perpendicular dipole oscillators so that the
energy involves nine interactions. We adopt this model
to evaluate the average dispersion energy between a
pair of molecules in the nematic assembly.

The interaction potential energy between two dipole
oscillators is given by

2

q
V= =) (r;.r=3r,.e,r;. €., 3)

where ¢ is the charge, r; and r; are the position vectors
of the charges with respect to their equilibrium posi-
tions and ey is the unit vector of ry;.

Following van der Merwe, we introduce two carte-
sian coordinate systems, each fixed in one of the pair
of .molecules, so that the axes are directed along the
unit vectors e,;, e,;, €5; and e,;, e,;, e;; respectively, the
3-direction in both cases being fixed along the long axis
of the molecule.

Hence (3) can be written as

q2
VI]=_,.§,] Z %Clm Cli Cm} ’

where /=1, 2, 3, m=1, 2, 3; { denotes the component
of the displacement vector r and

Cim=¢u . emj—3ei . erijems . €rij .

When the molecules are infinitely far apart and in

their ground states, their energy corresponding to the
unperturbed state is

Eoo=%hv,;+hv ;+3hv ;+hv, ,=hv, +2hy,

where v, and v, are the frequencies of the oscillators
parallel and perpendicular to the length of the mol-
ecule. As the molecules approach each other, the
system is perturbed owing to the effect of ¥;;. Since Vi
is an odd function of both {;; and (., the first order
perturbation energy vanishes and the second order per-
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turbation energy, which is the dispersion energy, turns
out as

Clm(Cli Cm )n n
Ud,sp(dd)__(q,)z s 122 Dy 2 ’
r'f ni nj (En,n]—Eoo)
where n; and #; stand for the triplets of quantum states
of the two oscillators. For a linear harmonic oscillator,
at most one term survives having a non-zero matrix
element (0|{|1)=(2¢)~1/2 connecting its ground state
with its first excited state; all other terms (0|{|n)
vanish. Here &= o/hv, ¢ being the stiffness constant.
Using the symbols

L, =@, ¢,
(—La ||)={4h(vl+vu)é¢éu}_l s
(‘ [, l I)= (8hvu§u2)—l s

it can be shown that
U= (%) (Ch+ ) (L)
+H(Cla+ Cht Gt CR) (L, 1D+ (1L 1D

Averaging over ry; as before, introducing polar coor-
dinates and averaging over ¢, the average potential
energy due to the dipole-dipole contribution to the
dispersion interactions per pair of molecules making
angles 6;, 0; is

U‘tjiisl’(d,d):— ;gg [{% ;?;4' %“%uﬁfu'*‘%fzu -1)
i

C?,+C%4 +

4xix.

/(1/2 i + 132+ (97— 672y

x (X3 +

+ 18“3{1)"11“' Dy + 36“ru)’ru Xits }

PRCIATE
+(cos? 6;+cos?2 ) {(9(,?”
+907,B7+ 3v7 — 2)
Sy S Wil
X ( 5 ' ) +Orh— ¥+ 1)

( 2X4 X1
X

1/2+X”2

32 200 X0
Xi Yty

312) + 90‘nﬂ’ru

)} +cos? 6§, cos? 0, (3,

+32 “Euﬁ fu+ 9)’?11_%3’}2_11 -1 8;31'5’";) ((X 32

4
/f_li_)g;i/z +X'1/2)] =73 [k +k3(cos? 0;
+cos? 0;) +k; cos? §; cos? 9,] (say) , “)
where g= 1‘16}2 ( f) ,fis the oscillator strength, m the
mass of the electron. We have used the relations
1/2
v, = 9. (L) , etc. where y is the polarizability.
2w \my,
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Extending this model, van der Merwe (1966b) has
also evaluated the dipole-quadrupole contribution to
the dispersion energy. Proceeding along the same lines,
we have worked out the average energy per pair of
molecules in a nematic assembly, but the expression is
so lengthy that we shall not present it in detail. We
shall merely state that its functional dependence on the
orientation is represented by the relation

. 1 .
Udisn(d, q)=— TR [k + k3 (cos? 6,+cos? )

+kj cos? 6, cos? ;4 k3 (cos* 0, +cos* §))
k3" (cos* 0, cos?0;+cos? 0, cos*G)].  (5)

We neglect the quadrupole-quadrupole contribution.
Induction effect

2
U () =— £ [0 AC3) + 2 (Clt CH 5

similarly,
Umd(pp)=— [X 1(C3)+x,1(Ch+Ch)].
~UM= Ui“d(/lz){;) + U™ x)

== 2 28 [{(9“411"' 9ariiﬁru + 39’—31—1 =2) (xy+x0)

+ 180272, } +(cos? 6,4 cos? 6,){902,%; (X, —x.)
— oty + 902, B2+ 392~ 20, + Oy 2 — 697+ Dy, }
+cos? 6, cos? 0 {(90‘ru+ 9°‘ruﬁ it 3?11—2) (=)
+ (9?}‘1'1 - 67r1} +1) (=21}

1 .
="y [k4+k;(cos? 6,+cos? 6))

1 &xriiyrii -

+ky cos? 6; cos? 8] (say) . 6)

Repulsion energy

To evaluate the orientation dependent repulsion
energy we consider a simplified model consisting of
identical linear molecules each of which is replaced by
three centres of repulsion, two near the ends of the
molecule and one at its centre so that again there will
be nine interactions per pair of molecules. Most of the
common nematic substances (e.g. p-azoxyanisole, p-
azoxyphenetole) have molecules which are very nearly
symmetrical about the centre and, therefore, we shall as-
sume that the centres of repulsion near the ends of the
molecule are identical but different from that at the
middle.

We denote the repulsion centres at the middle of the
molecules i and j by Cy;, C; and those at the ends by
C,;, Cy; and Gy, Cy;. Let Cy; be chosen as the origin of
the coordinate system so that C,C,;=r;, and let
C,Cy=C,,Cy;=L. The coordinates of the six repul-
sion centres are:
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Cl;:(O, 0,0) N Czi(Lai, Lﬂi, Lyi) 5

Cyi(— Loz, — LB, — Lyi);

Cuj(rijotrag, i Prigs rig¥ris) s

Coj(rijotris + Lo, i Brig + LPs, vigyrig + Lys)
and

Csj(rijotrss — Lotg, 133 Brig — LBy, rigyris— Lys) -

We represent the centre—centre, end—end and centre—
end interactions by the interaction constants aj,b;;
a,,b,; and a3, by respectively. Therefore,

U(C,,Cy;)=b, exp (—ayry;) .
U(CC,)=b, exp (—aylr} +2L*—2L?
x (ot + BB s+ viv) + 2Ly {ot(oy— 1)

+Bi(Bi—=B) +¥rif(7— P33
212 212
=b2€Xp [—azri,{l-i-r—z— 2—f1

i i
2L 1/2
andu
L L?
=b, exp [—azr,.,{l + r—f2+
if

2
I3
x(=fi=4f3+ - )+ (i fot )
il
L4
+ o it 0]
i
where fi= > aio; and fo= 3, otrij(ot; — o).
aBy ofy

We can similarly work out the other seven terms of
the interaction energy. Summing all the nine terms,
expanding the exponentials, averaging over ry; and ¢,
and rearranging terms, it can be shown that the average
repulsion energy per pair of molecules making angles
0;, 0; is expressible as

Uter= % [R+ R'(cos? 8;+cos? 6;)

4+ R’ cos? 0; cos? 8;+ R (cos* 8;+cos* 65)
+ R (cos* 8; cos? §; +cos? §; cos* G;)+ .. .].
(7

In general, we may characterize the molecule by
(2n+1) centres of repulsion and work out the orienta-
tional potential energy in an analogous manner. It is
readily shown that the functional dependence on 6;,0;
would still remain the same. We have assumed that
the average repulsion energy varies as r~12,

The total orientational potential energy

Assuming additivity of pair potentials and neglecting
correlation effects, the average interaction energy per
pair of molecules due to all types of forces is obtained
by adding (2), (4), (5), (6) and (7):
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Uy=— [(k2+k4 +7k3d_ R )+ ki s 6, cos 6,

SR IZ) |4

+ ( ﬁél_j:zf‘l* Vks;/ T — _117{;') (cos? 6, +cos? 6;)

+ ( k;;'zkz + 71(3'/? - %) cos? 0; cos? 6,

n (Tk/i% _ R_I;;I) (cos* 6, +cos* 6;)

+o... ] . ®

The total interaction energy of the molecule i with all
its neighbours j is therefore

Ui=ZUij
J
= —(Uy+ U, cos 8;+ U, cos? 6;
+Uscos* 0+ ...), C))
where
k,+k, ky R
Uo= [; ( 2V2_+W_W)]
ky+ k, k; R
+ [Z ( 2V24 +_V‘gl3—'—W) 008261]
klll RIII
+ [; (WS——*V—“)COS491]+...,
ki
U= —-cos b5,
2 et
ky+ kg k3 R’
Uy= [; (_Z_VZ.A_;_ o V4)]
kll+kll kl’ Rl’
+ [; (%/74 + Vsa/‘s‘ IV“') cos 9,]
kllll Rllrl
+ [; (1/38’3 —74-) cos“(),]+...,

etc.

We have already referred to the chemical evidence
for the relatively minor role played by the permanent
dipoles in determining the stability of the nematic
phase. We shall now make an independent estimate of
the relative importance of the dipole-dipole term.

Estimate of the permanent dipolar contribution

Let A4, B, C be the principal polarizabilities of a mol-
ecule referred to its principal axes X'Y’Z’. Let XYZ be
the fixed coordinate system, Z being so chosen as to
coincide with the optic axis of the medium. If £z and
Ex represent the components of the electric vector of
the incident light wave, then the induced moments
P, and P are given by
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P,=Ez (A cos2 ZX'+Bcost ZY'
+Ccos2ZZ"),

P.=Ex (A cos2 XX'+Bcos2 XY’
+Ccos2XZ'),

(10)

where cos? ZX'=sin2 6§ cos? y ,
cos2 ZY'=sin2  sin? y ,
cos? ZZ'=cos? 0,
cos2 XX'=(cos ¥ cos ¢ cos @—sin y sin ¢)?,
cos? XY'=(—sin y cos ¢ cos §—cos y sin ¢)?,
cos2 XZ'=sin2 60 cos2 ¢,

0, o, w being the Eulerian angles defining the orienta-
tions of X'Y'Z’ with respect to XYZ.

To evaluate the polarizabilities y, and yz, it is
necessary to average over all possible orientations
taking into account the Boltzmann factor involving the
potential energy of the molecule given by (9). There-

fore
n 2
L,
Xz = n 2.
SO 0

S \ " E:exp (— kLJT) sin 6 d do dy

kT

2 U
S P, exp (— — ) sin @ d0 dg dy
)
2n
0

Since the molecules are rotating about their long
axes i can take all possible values and similarly since
the structure is symmetrical about the optic axis, ¢ can
also take all possible values. Integrating over y and ¢

_ 2ht | 4h, | 8K} | 8h,
Xe=x+0—x0 ( 4—5—+H+§Z§-+ 705 +.. .),
1n
where
_A+B
1= 2 3
0u=C,
_ X +2x,
3 ’
hl = Ul/kTa
h2= Uz/kT, etc.
Similarly,
o X0 TXu (2 4k, | 8K 8,
ram= P (Gt e s o )

(12)
The degree of orientational order is given by (Chate-
lain, 1955)

_ Xz— Xz
H—XL

B2, | 4R b,
=15t 15 Tais T s
’ 2

e (; k; cos 0,)
SV IS
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L2 {z(k'z+kg+_k; _R’)

15kT | 4 V2 N 2]
ky+k, K R
+ Z (_2172V4 73373‘ - W) cos?0,
k//// RU//
L. PR
T 1 T T T
= T2 1V_2 + T (_V_zz_ + 7: 53 + fV‘;-) (say), (13)

neglecting higher order terms. The 7’s involve the mol-
ecular distribution function and summations over
cos 0; and its powers. The temperature variation of s
is determined by the variation of ¥V (< ¢7!) and the
7’s. A correction could be effected for the variation of
V from the thermal expansion measurements. The
fractional density change over the entire mesomorphic
range is 2-3%, so that we can without appreciable
error assume an average correction factor of (M/g)® for
all the terms, M being the molecular weight.
Hence,

- 30 T T T
y=s Moy~ -y + T

or
_dlny
"= dinT "
dr; | d(ra+73+74) ]

-1 N 0
+T gt ar

X [ T2+ (14 13+ 1) T

dr/dT and d(z,+ 73+ 14)/dT, which are negative (since
the 7’s involve summations over powers of cos 6y),
may be expected to be small at the lowest temperatures
in the nematic range. Clearly, if the permanent dipole
term predominates, i.e. (72+73+74) is negligible com-
pared with 7y, the minimum value of [m] is 2:0. On the
other hand, if 7, is negligible compared to the other
terms, it is 1:0. The actual value of |m| at the lowest
temperatures for which the data are available should
give an estimate of the relative importance of the
permanent dipole term.

Using the observed s (Chandrasekhar & Madhu-
sudana, 1969) and the density data for p-azoxyanisole
(PAA) (Maier & Saupe, 1960) and p-azoxyphenetole
(PAP) (Bauer & Bernamont, 1936), we get

PAA m=-1-04
PAP m=—1-10.

The fact that |m| is only slightly greater than 1-0 for
both cases shows that dispersion and repulsion forces
predominate in both compounds. (The induction
energy has the same form as the dipole-dipole part of
the dispersion energy, though its contribution may be
expected to be small.) The result that the permanent
dipole forces do not make an important contribution is
in general agreement with the observations of Gray

[—‘ZTIT_z— (72+T3 + T4)T*1
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(1962) and of Maier & Saupe (1959) regarding the
stability of the nematic mesophase. Thus

Ui~ — V=3 (ug+uy cos? @ +ug cos? O+ ...) . (14)

The mean field approximation

For the purpose of developing a theory of long-range
orientational order we shall assume a mean field ap-
proximation, and express the summations in the coef-
ficients U,, U, etc. of (9) in terms of the mean values
cos? 0, cos* @ etc.; in other words, we shall neglect
local variations and short range ordering,.

U;; given by (8) is symmetrical in i and j, so that the
coefficients uy, u, etc., in (14) can be expressed as

Up= Wpo + Wop COS2 0+ Woq COS* 0+ ...

Uy = Wpo+ Wy COS2 0+ Wy4 COS?* O+...
Uy = W9+ Wqp COS2 8 +wyy cos* 0+ . ..
etc.,

where wop = Wag, Woq=Wag, €lc., or in general Wprn = wum.
We may rewrite (14) in the form

3cos2h-—1 3cos20;—1
- — y-3 Y VT DY T
Ui=—V [A( a 5 )
3cos20—1 3 cos2f;—1
+B ( 2 2 )
5cos48 —1 5cost6;—1
+c( e )
3cos20—1 S5costf;—1
+D( . .
3 cos26;—1 . 5cost—1
2 4 )
60— 60,
+E (7 cos60 1 + 7 0056_017[)] (15)

neglecting an orientation-independent term, as well as
terms involving higher powers of cos .

We shall now suppose that 4, B, ..., E are inde-
pendent of volume and temperature and thus dis-
regard effects due to variations in the molecular
distribution function. To this approximation, 4,B,.
.., £ may be taken to have the same values in the
liquid crystalline and liquid phases. In the isotropic
liquid

3cos26—1  5Scos*f—1 _Tcoss0—-1

2 B 4 6 0.

Therefore, in order that U; given by (15) may vanish in
the liquid phase, we may conveniently take A=C=
E=0. The potential energy may then be written as

MOLECULAR STATISTICAL THEORY OF NEMATIC LIQUID CRYSTALS

2
U=-V-3 [le 3X;Z2—;,!, +D(51 éxz__l +5, 3x,~2— 1 )]
=—V=3a'x}+b'x}+c") (say), (16)
where
x =cos @,
xi=cos 6; ,
3%
1= __2_ -
4
a'=%Ds,,

b'=3(Bs;+Ds,)
¢’ =—32Bs;+ D(s;+2s,)] .

The new order parameter s, that we have introduced,
like sy, varies from 1 to O over the range from perfect
ordering to complete disorder. The experimental
methods used so far lead to an estimate of s; only and
not of s,.

and

Thermodynamic properties of the ordered system

We shall now derive expressions for the thermody-
namic properties of the ordered system relative to those
of the completely disordered one on the basis of (16).

Entropy and free energy
The average values of x? and x}{ are

o 1 1
& =S X2 exp (= U,/kT)dx, / S exp (— U,/kT)dx,
0 0

1 1
= S x2 exp (axt +bx2)dx, / g exp (ax} +bx?)dx;,
0 0
(17)

and

(X

_ et 1
xt= go x}t exp (axt+bx?)dx, / (0 exp (ax? +bx2)dx;,
(18)

35 € cancels

_a b= I d o= ¢

T 7 Z 5 %

out in the numerator and denominator of (17) and (18).
Since (16) represents the mutual energy of interac-

tion of a molecule with its neighbours, the internal
energy per mole due to orientational order is evidently

where a=

U,=4NU,= —4NkT(ax} +bx? +¢), (19)

where N is Avogadro’s number. The partition function
for a single molecule

1
fi= So exp (ax} +bx? +c)dx;,

so that the contribution of the orientational order to
the entropy is given by
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(ax4 +bx2 +¢) exp (ax} +bx?)dx,

exp (ax} +bx2)dx,

—log go exp (ax} +bx? +c)dx,

—_ . 1
—— Nk [(ax‘,‘ +b3%)—log §0 exp (axt +bx? )dx,] :

(20)

The component of the Helmholtz free energy due to
order

Fs= Us—‘
=NkT[%(a_x7} +bx7 —¢)

TSs

1
—log SO exp (ax} +bx? )dx,] . 1

The equilibrium conditions

The thermodynamic condition for the equilibrium
of the ordered phase is
(an)
08yl v,r

(%) _
dsylvyr

JF, N ox?
(3S1)V,T_73 [4 (313 3x,+1)
ax? —
T (3 2 9s, —Exs )
D (, oxt — ds, = 0s,
+4 (2 13 —3x *i 3sl+3—s1)]V,T- (22)
Clearly (22) vanishes when
e ?_Slsi - 23)
and
o =22l (24
. . IF; .
Similarly, it can be proved that ( 2 ) vanishes
2

under the same circumstances. Therefore, (23) and (24)
represent the two conditions of equilibrium of the
ordered system. Hereafter the suffix / in x2, x} etc., will
be omitted.

Volume change and latent heat of transition

The Gibbs free energy of the nematic phase at T,
may be written as

309
Gu=F(V, Te)+ Fs(Vy, Te)+ PcVy,

where F} is the component of the Helmholtz free energy
due to the isotropic liquid (or the completely dis-
ordered system) and Fs the component due to order,
and V; the molar volume of the liquid crystal at Te.
For the isotropic liquid we have similarly

=Fl('V2, Tc)+PcV2
where V, is the molar volume of the liquid at Te.
Therefore,
Gu—Gi=Fy(Vy, Te)— Fu(V>, Te)
+F8(Vl, TC)'—PcAV: (25)

where AV=V,—V; is the change of volume at T,.
Further
Vs aFl Vs
Fi(Vs, To)— BV, Tc)=—§ (W) dV=S PV .
JVy Tc 'V

Noting that the pressure of the liquid at (V3, T¢) is Pe,
we may put

oP
PUV, To)=Pot (TVZ) (=),

(&) - L
3V Tc—- BVZ’

where f is the isothermal compressibility of the liquid

Since

at T,
V2 V2 V-V,
P dV=S (P - ——) av
SV, ! W\ BV,
_ vz
=P AV + 267,
=P, AV —~3A4P . AV, (26)
where AP=P.—Py(V1, T¢) .
But we know that for the nematic phase
Pc=Pl(V1, Tc)'l‘Ps(Vl, Tc) ’ (27)

where P;s is the contribution of the orientational order
to the pressure, so that from (25), (26) and (27),

oF; 4V
Gn=Gi=Fot (aV) 2
Since the Gibbs free energy does not change at the
transition,
AV—-—-2F3/ (aF s (28)
%) _ an) + (%) (i&)
(3V T (3V 5, T osy lv,p \oV/]rp

an " 352
() v (57),, @
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where s stands for the orientational order. As we have
seen earlier, the equilibrium of the phase requires that

(%) - (%) -0
dsyJv,e \8sy)v,r )

Hence, from (21)

oFs oUs 0Ss
(W)s,T = (W)S,T -T ('a'v‘)s,T :

It is easily shown from (20) that

(%S—Ij)w —o.

Therefore, from (19)

3Fs\ ax*+bx+c
(@), = M (=)
Substituting in (28)
av_
=

1 — —_
2 logS exp(axi+bx?)dx— {% x4+ 1)+ 131 Gx+ 1)}
0

3 {% (5¥—1)+ 2(3)?— 1)}
(30)

The heat of transition from the nematic to the liquid
phase is given by
H= Tc[Sl(Vz, TC)_SH(Vla Tc)]
= Tc[Sl(Vz, Tc)—Sl( ", Tc)
+Sl( Vla TC)_ S”(Vla TC)]

_ 2 13S)
=T [SV, (E'T) Tch—Ss(Vl,Tc)] )

ZAY) (0P _ (g_;)p _a
(W)Tc~ (ﬁ)v T evy B
().

where a is the coefficient of thermal expansion and
the isothermal compressibility of the liquid at To.
Therefore

o

assuming that «/f is sensibly constant over the range
4V. Both « and § are known to exhibit a very slight
increase with increase of volume (see, e.g., Bridgman,
1958) but as we are concerned here with volume
changes of the order of a fraction of a per cent, we may
justifiably neglect the variation of o/f.

H=T, [ AV—SyV,, Tc)]

Specific heat and compressibility

The specific heat at constant volume of the nematic
phase may be written as

MOLECULAR STATISTICAL THEORY OF NEMATIC LIQUID CRYSTALS

Co(T)=Cy(T)+Co(T),

where C, (T) is the contribution due to order and

C,(T) that due to the completely disordered system.
_ aUs _ 2 asl 4 asZ

C,(T)= (Ef)v‘ —NKT [3 bit+ta ’é_T]V (32)

from (19). The specific heat at constant pressure of the
nematic phase is
o2VT )
" 2

c,,"=c,,"+( -

where f is the isothermal compressibility. Using a
similar expression for the liquid phase

C,(T)=C,(T)+C,(T)+T [("%V) - (‘%’f) l] . (33)

In order to evaluate f theoretically, we assume that
the pressures due to order and disorder are additive,
so that to a good approximation

(5),- (). (3). e
Since
(5),=7 (&)= o (- %)
we obtain from (29),
() e (25,3
el B e

Differentiating (17) and (18) with respect to volume
it can be shown that

3.5'1 2 _i T4 o\ _ bB_
(a_V)T [3 51 (X6 Xt x) _BSI+D52

-]+ (5],

bD
|~ B s, (FTOF }]
— 13; [a(xo—x* . 33) + b { ¥~ (PP}
(36)
and
a5, a — —. bB = = 3
PASTR

352 4 bD _6_—1_2]
+(5V)T[5 Bsps, X )

= la{x— (Y} +b A DL ()
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These equations can be solved for (ds,/0V)r and
0s,/0V)r. Differentiating (17) and (18) with respect to
temperature, we get a similar pair of equations from
which (ds,/0T)v and (0s,/0T)v can be evaluated. Sub-
stituting these quantities in (32), (35) and using (33) and
(34) the specific heat at constant pressure and the iso-
thermal compressibility of the nematic phase can be
evaluated theoretically provided the contributions due
to disorder are known.

Application of the theory to p-azoxyanisole
and p-azoxyphenetole.

PAA and PAP are the only two compounds for which
all the relevant experimental data are available for a
detailed comparison with the theory, though, even for
these two cases, the data reported by different authors
do not agree very well. We shall now discuss the ap-
plication of the theory to these compounds.

The following integrals were necessary for the theo-
retical calculations:

08

PAP

07

06
S4
05

04

03 L L 1
~-30 T—Tc -20

1
-10 0
Fig. 1. The long range orientational order parameter s; as a
function of temperature in p-azoxyanisole and p-azoxyphen-
etole. — —— theory; @ experimental data of Glarum &

Marshall (1966); A data of Saupe (1968); O data of Chan-
drasekhar & Madhusudana (1969).

800

700

600

C, in joules/mole deg.

500

Fig. 2. Specific heat at constant pressure of p-azoxyanisole and
p-azoxyphenetole as a function of temperature. the-
ory; — — — contribution due to disorder extrapolated from
the data for normal liquid; O data of Arnold (1964).
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1
S x27 exp (ax*+bx?dx , n=0,1,2,3,4.
0

Applying Simpson’s method, the five integrals were
evaluated numerically with the aid of a computer for
ranges of values of a and b in steps of 0-1. A suitable
interpolation procedure was employed for inter-
mediate values when required.

Using the density data of Maier & Saupe (1960) for
PAA, and those of Bauer & Bernamont (1936) for
PAP converted to an absolute scale (see Chandra-
sekhar & Madhusudana, 1969), the theoretical curves
for s; were calculated using the equilibrium conditions
(23) and (24). The constants of the potential function
which give good values of 4V/V and s, (at one temper-
ature) are given below:

PAA PAP
B x 106 (erg.cm?®) 4-5448 5-2502
D x 106 (erg.cm®) — 10460 0-0675
AV[V (theory) 0-0035 0-0061
AV/]V (observed) 0-0035 0-0060

The theoretical curves for s; along with recent exper-
imental values are shown in Fig. 1. The agreement can
be seen to be satisfactory.

To evaluate H, Cp and f from (31), (33) and (34) we
require o, Cp and f§ of the liquid phase. The latter
quantities exhibit anomalous behaviour just above the
transition point. The values decrease rapidly at first as
the temperature rises, and then gradually become
linear functions of temperature as in normal liquids.
An extrapolation of these quantities to lower temper-
atures from the linear region is possible. The extra-
polated values correspond to the contributions of the
completely disordered system in our theory.

H, Cp and p so calculated are found to differ con-
siderably from the experimental values; in particular
H and p are as much as 60-80% higher than the ob-
served data.

The reason for the discrepancy between theory and
experiment is readily understood. We have worked out
the orientational potential energy of a single molecule
in the field due to its surrounding medium disregarding
entirely the correlations between neighbouring mol-
ecules, which undoubtedly exist not only in the liquid
crystal but also in the liquid. As far as the ‘excess’
properties associated with long-range order are con-
cerned, a simple method of taking into account the
influence of local ordering is to reduce the effective
number of independent molecular entities, i.e. to re-
place Avogadro’s number N by N/n, where # is a
numerical factor. It is seen from (17), (23), (24) and
(30) that this does not affect the calculations of s; and
AV/]V, but it does alter the latent heat of transition,
specific heat and compressibility given by (31), (32) and
(35) respectively.
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The results for H are set out below.

Theoretical Experimental
H H
n (joule.mole™?) (joule.mole™?)
PAA 1 1230 690,  7404D 78001,
7604
2-7 690
PAP 1 2610 15004
2:3 1580

(i) Arnold (1964); (ii) Barrall, Porter & Johnson
(1967); (iii) Sakevich (1967); (iv) Chow & Martire
(1969).

The theoretical curves for the specific heat and com-
pressibility are shown in Figs. 2 and 3. The dashed
lines are the contributions due to disorder obtained by
extrapolating the values for the normal liquid. The val-
ues of # have been chosen to give the best overall fit
for H, Cp and f; H and [ are very sensitive to u, but not
Cp because an increase of n decreases Cy as well as f.

Thus, using just three parameters (B, D and #) for
each compound the theory leads to values of s;, Cyp,
4V/V and H in good quantitative agreement with
observations. The agreement for § is also reasonably
satisfactory, but it is evident that the observed varia-
tion of § with temperature is somewhat faster than
given by theory. Recalling that 8 involves the second
differential of the energy with respect to volume, the
difference in the rate of variation is at least partly due
to the approximation made that the potential energy
has an average V3 dependence.

The magnetic birefringence of the liquid phase

The factor » may be interpreted as the effective number
of perfectly aligned molecules in a cluster. The magnetic
birefringence of the liquid provides a means of esti-
mating # approximately. If #, and #, are the principal
diamagnetic susceptibilities of the molecule and y, and
x. its principal optical polarizabilities, the corre-
sponding values for the cluster may be taken to be
nn,, nn, and ny,, ny,. Applying the standard th=ory,
(see e.g., Beams, 1932) it is readily shown that the
Cotton-Mouton constant
4 2nvn 242\2
a I_SI?T/E (ﬂ_;-_) (=m0 =22 »
(38)

where v is the number of molecules/cm3 and u the re-
fractive index of the liquid in the absence of the magne-
tic field.

The magnetic birefringence of PAA in the liquid
phase has been measured at different temperatures re-
lative to that of nitrobenzene by Zadoc-Kahn (1936).
At the highest temperature (7, + 52°), where the mag-
netic behaviour is that of a normal liquid, C is 2-7
times the value for nitrobenzene for A5, The princi-
pal diamagnetic susceptibilities of the crystal, which

C

=m_
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CRYSTALS
150}
PAP
®

100F
E

S sob
]

g PAA

-l
o
@

100}

50

1 1 L J
220 ) 0 10
-T.

Fig. 3. Isothermal compressibility of p-azoxyanisole and p-
azoxyphenetole. theory; — — ~ contribution due to
disorder extrapolated from the data for the normal liquid;
O data of Gabrielli & Verdini (1955); A data of Hoyer &
Nolle (1956); @ data of Kapustin & Bykova (1966) and
Kapustin (1970).

have been determined by Foex (1933), give (n,—#,)=
104 x 10-30 c¢m3. Substituting C for nitrobenzene=
235x 10714 cm~!,gauss~2 and using the other relevant
data (see Chandrasekhar & Madhusudana, 1969)
n turns out to be 4-0.

It is gratifying to note that # is of the same order as
that estimated from the thermodynamic theory.

We are very much indebted to Dr A. P. Kapustin,
Institute of Crystallography, Moscow, for the unpub-
lished ultrasonic velocity data on PAP; to the Director,
Tata Institute of Fundamental Research, Bombay, for
the computer facilities. One of us (NVM) is grateful to
CSIR (India) for a Senior Research Fellowship.
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The Application of Non-Systematic Many-Beam Dynamic Effects
to Structure-Factor Determination

By J. GioNNES AND R. HgIER
Department of Physics, University of Oslo, Norway

(Received 20 July 1970)

A method for utilizing non-systematic many-beam dynamic effects for determination of accurate rela-
tions between Fourier potentials is described. The effects which are used can be understood and de-
scribed in terms of three-beam interactions; although quantitative evaluation is based on more inter-
acting beams. The effects are most readily observed in Kikuchi patterns; experimental patterns from

silicon are used as an example.

Introduction

It has been shown theoretically and experimentally by
Uyeda and coworkers (Uyeda, 1968; Watanabe, Uyeda
& Kogiso, 1968), that the contrast of the second-order
Kikuchi line may vanish for a particular value of the
acceleration voltage. This effect is due to variations in
multiple-beam interactions with electron mass, and can
be utilized to obtain very accurate relations between
structure factors, as shown by Watanabe, Uyeda &
Fukuhara (1968). The method does in a very simple
way exploit dynamic effects for structure factor deter-
mination, but is limited to systematic reflexions and is
dependent on high-voltage electron diffraction.

In a previous paper the present authors (Gjennes &
Hoier, 1969) have studied enhancement and reduction
of Kikuchi-line contrast, with particular emphasis on
three-beam interactions. It was shown that a variety of

contrast anomalies could be explained in terms of
simple rules derived from three-beam considerations,
viz, if the product P= U,UpU,-} of the Fourier poten-
tials involved is positive, a weak beam, g, which is ex-
cited simultaneously with a strong beam, A, will be
reduced in intensity relative to its two-beam value when
the excitation error, {5, of the strong beam is positive,
and increased in intensity when {j is negative. When P
is negative, the effects are reversed with respect to the
sign of {». Inclusion of more beams in the calculations
will not as a rule alter the qualitative features. From
this viewpoint the Uyeda—Watanabe effect can be seen
as a special case of reduced intensity in a weak beam
in a systematic, essentially three beam case, the excita-
tion error of the strong beam being positive and con-
stant along the Kikuchi line 24.

It was therefore found desirable to investigate inten-
sity reduction in general, i.e. non-systematic, cases in



